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Abstract
Hom-Lie algebras can be considered as a deformation of Lie algebras. In this note, we prove that the
hom-Lie algebra structures on finite-dimensional simple Lie algebras are trivial. We find when a finite-
dimensional semi-simple Lie algebra admits non-trivial hom-Lie algebra structures and the isomorphic
classes of non-trivial hom-Lie algebras are determined.
© 2007 Elsevier Inc. All rights reserved.
Keywords: Hom-Lie algebra; Lie algebra
1. Introduction and preliminaries
Jonas T. Hartwig, Daniel Larsson, Sergei D. Silvestrov developed a new approach to the de-
formation theory of Witt and Virasoro algebras using σ -derivations in their paper [1]. They also
introduced the concept of a hom-Lie algebra, which is a non-associative algebra satisfying the
skew symmetry and the σ -twisted Jacobi identity. When σ = id, the hom-Lie algebras degenerate
to exactly the Lie algebras. In this note, we are interested in the following problem. Does there
exist any non-trivial hom-Lie algebra structures on the complex finite-dimensional semi-simple
Lie algebras? And if yes, what are these hom-Lie algebras and when they are isomorphic? In Sec-
tion 2 we prove that simple Lie algebras do not admit any non-trivial hom-Lie algebra structures.
In Section 3, we prove that a finite-dimensional semi-simple Lie algebra L admits non-trivial
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simple ideals of L, and the non-trivial hom-Lie algebra structures are determined.
The Scalar field K for algebras considered in this paper is of characteristic zero. First let us
recall some notions in [1].
Definition 1.1. A hom-Lie algebra (L,σ ) is a non-associative algebra L together with an algebra
homomorphism σ :L → L, such that
(HL1) [x, y] = −[y, x],
(HL2) [(id + σ)(x), [y, z]] + [(id + σ)(y), [z, x]] + [(id + σ)(z), [x, y]] = 0
for all x, y, z ∈ L, where [ , ] denotes the product in L.
We call Axiom (HL1) the skew symmetry and Axiom (HL2) the σ -twisted Jacobi identity.
Remark 1. Taking σ = id in the definition above gives us the definition of a Lie algebra. Hence
hom-Lie algebras include Lie algebras as a subclass.
Remark 2. For any vector space V , if we put
[x, y] = 0
for any x, y ∈ V , then (V ,σ ) is obviously a hom-Lie algebra for any linear map σ :V → V ,
since the conditions are trivially satisfied. We call these algebras abelian hom-Lie algebras.
Definition 1.2. A homomorphism (respectively isomorphism) of hom-Lie algebras ϕ : (L1, σ1) →
(L2, σ2) is an algebra homomorphism (respectively isomorphism) from L1 to L2 such that
ϕ ◦ σ1 = σ2 ◦ ϕ. In other words, the following diagram
L1
ϕ
σ1
L2
σ2
L1
ϕ
L2
commutes.
For two hom-Lie algebras (L1, σ1) and (L2, σ2), as in the Lie algebra case, we can define
a hom-Lie algebra structure on the space L1 ⊕ L2 by defining [x1 + x2, y1 + y2] = [x1, y1] +
[x2, y2] and σ1 ⊕ σ2(x1 + x2) = σ1(x1) + σ2(x2) for x1, y1 ∈ L1, x2, y2 ∈ L2. We call this hom-
Lie algebra the direct sum of (L1, σ1) and (L2, σ2) and denote it by (L1 ⊕ L2, σ1 ⊕ σ2).
2. Hom-Lie algebras on simple Lie algebras
In this section, we prove that hom-Lie algebra structures on finite-dimensional simple Lie
algebras are trivial.
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automorphism of the Lie algebra L. If σ = 0, then the hom-Lie algebra (L,σ ) is the Lie algebra
L itself. Therefore, we suppose that σ is an automorphism of L in the sequel.
Suppose (L,σ ) and (L, τ) are two hom-Lie algebra structures on the simple Lie algebra L,
where σ, τ are Lie algebra automorphisms of L. If (L,σ ) and (L, τ) are isomorphic as hom-Lie
algebras, then there exist a Lie algebra automorphism ϕ :L → L such that the following diagram
L1
ϕ
σ
L2
τ
L1
ϕ
L2
commutes. That is ϕ ◦ σ = τ ◦ ϕ. Therefore σ = ϕ−1 ◦ τ ◦ ϕ. So we get
Proposition 2.1. Let L be a simple Lie algebra, then two hom-Lie algebra structures (L,σ ) and
(L, τ) are isomorphic if and only if the two Lie algebra automorphisms σ and τ are conjugate.
By Proposition 2.1, we only need to determine the hom-Lie algebra structures (L,σ ) on
simple Lie algebras L with a Lie algebra automorphisms σ .
Proposition 2.2. Let L be a finite-dimensional simple Lie algebra. If (L,σ ) is a hom-Lie algebra,
then σ = id. In other words, hom-Lie algebra structures on simple Lie algebras are trivial.
Proof. From [2], we can assume that the automorphism σ leaves the Cartan subalgebra H of L
stable.
By Proposition 8.1 in [3], an inner automorphism σ of L can be written as σ = eadh for some
h ∈ H and an outer automorphism of L can be expressed as σ = ρeadh for some h ∈ H and
a diagram automorphism ρ of L, which implies that simple Lie algebras of type other than Al
(l  2), Dl (l  4) and E6 have no outer automorphisms. It is clear that eadh leavesH point-wise
fixed, and eadh(xα) = eα(h)xα for all root vectors xα ∈ Lα , where Lα is the root space of root
α ∈ Δ.
We will proceed our proof according to the rank of simple Lie algebras.
For the rank one Lie algebra sl(2,C), we can choose h, e, f as its standard basis such that
[h, e] = 2e, [h,f ] = −2f, [e, f ] = h.
Since sl(2,C) has only inner automorphisms whose conjugate class can be expressed as σ =
ead(kh) for some k ∈ C, we have
[
σ(h), [e, f ]] = 0,
[
σ(e), [f,h]] = e2k[e,2f ] = 2e2kh,
[
σ(f ), [h, e]] = e−2k[f,2e] = −2e−2kh.
Therefore the deformed Jacobi identity holds if and only if k = 0, or equivalently σ = id.
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simple roots for the root system Δ of L. Since L is a Lie algebra, the σ -deformed Jacobi identity
degenerates to
[
σ(x), [y, z]] + [σ(y), [z, x]] + [σ(z), [x, y]] = 0 for all x, y, z ∈ L.
If the σ -deformed Jacobi identity holds, we will have
[
σ(H), [Lαi ,Lαj ]
] + [σ(Lαi ), [Lαj ,H]
] + [σ(Lαj ), [H,Lαi ]
] = 0,
or equivalently
[
σ(H), [Lαi ,Lαj ]
] = [σ(Lαi ), [H,Lαj ]
] + [[H,Lαi ], σ (Lαj )
]
. (1)
Choosing h′ ∈H such that αi(h′) = 0 and αj (h′) = 0, since σ(h′) = eadh(h′) = h′ we have
[
h′, [Lαi ,Lαj ]
] = [σ(Lαi ), [h′,Lαj ]
] + [[h′,Lαi ], σ (Lαj )
]
= αj (h′)
[
eαi(h)Lαi ,Lαj
] + αi(h′)
[
Lαi , e
αj (h)Lαj
]
= eαi(h)αj (h′)[Lαi ,Lαj ]. (2)
Select αi , αj such that αi + αj is a positive root, then (2) becomes
αj (h
′)Lαi+αj = eαi(h)αj (h′)Lαi+αj ,
therefore eαi(h) = 1, and hence αi(h) = 0. Similarly, if we choose h′ ∈ H in (2) such that
αi(h
′) = 0 and αj (h′) = 0, we will get αj (h) = 0. Since the Dynkin diagram of a simple Lie
algebra is connected, we have αi(h) = 0 for i = 1,2, . . . ,  [2]. The fact that {α1, α2, . . . , α}
constitute a basis of H∗, the dual space of the Cartan subalgebra H, implies that h = 0, and so
σ = eadh is the identity map on the whole simple Lie algebra L.
If σ is an outer automorphism of L, then we can assume σ = ρeadh for some h ∈H, where ρ
is a diagram automorphism of L. Then (1) becomes
[
ρ(H), [Lαi ,Lαj ]
] = [ρeadh(Lαi ), [H,Lαj ]
] + [[H,Lαi ], ρeadh(Lαj )
]
, (3)
that is
[
ρ(H), [Lαi ,Lαj ]
] = eαi(h)αj (H)[Lρ(αi ),Lαj ] + eαj (h)αi(H)[Lαi ,Lρ(αj )]. (4)
Choosing αi , αj such that αi + αj ∈ Δ, the fact dimLα = 1 for any α ∈ Δ shows that (4)
holds only when αi + αj = ρ(αi) + αj or αi + αj = αi + ρ(αj ) holds. In any case, we have
that if (4) holds, then ρ fixes at least one of αi and αj . From the Dynkin diagrams of simple
Lie algebras we know that any such order two diagram automorphism ρ can be restricted as an
automorphism to the subalgebra sl(4,C), and the order three diagram automorphism exists only
for the Lie algebra D4 (see p. 58 in [2]). In this note, the numbering of the nodes in the Dynkin
diagrams of A3 and D4 is as follows
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α1 α2 α3
◦ ◦ ◦
α1
α4
α3
◦
α2
Dynkin diagram of A3 Dynkin diagram of D4
The order two diagram automorphism ρ fixes α2 and exchanges α1 and α3. Applying equal-
ity (4) to sl(4,C) with i = 1, j = 2, we get
[
ρ(h3), [Lα1 ,Lα2 ]
] = eα1(h)α2(h3)[Lρ(α1),Lα2 ] + eα2(h)α1(h3)[Lα1 ,Lρ(α2)]. (5)
It is easy to see that both sides of (5) are not zero, but the left-hand side belongs to Lα1+α2
while the right-hand side belongs to Lα2+α3 , which is impossible.
The order three diagram automorphism ρ for D4 fixes α2 and permutes {α1, α3, α4}. Apply-
ing (4) to D4 with i = 1, j = 2, we get
[
ρ(h3), [Lα1 ,Lα2 ]
] = eα1(h)α2(h3)[Lρ(α1),Lα2 ] + eα2(h)α1(h3)[Lα1 ,Lρ(α2)]. (6)
It is easy to see that both sides of (6) are not zero, but the left-hand side belongs to Lα1+α2 while
the right-hand side belongs to Lα2+α3 , which is also impossible. 
3. Hom-Lie algebras on semi-simple Lie algebras
Let L be a complex finite-dimensional semi-simple Lie algebra. We have the following de-
composition of L into direct sum of simple ideals L1,L2, . . . ,Lr :
L = m1L1 ⊕ m2L2 ⊕ · · · ⊕mrLr,
where L1,L2, . . . ,Lr are non-isomorphic simple ideals of L, and by the notation miLi we mean
that Li is a simple ideal of L with multiplicity mi (mi  1), i.e.,
miLi = Li ⊕ Li ⊕ · · · ⊕Li.
If ϕ :L → L is a homomorphism of L, then since the kernel of ϕ is a direct sum of some sim-
ple ideals of L, the Lie algebra homomorphism ϕ can be decomposed as ϕ = ϕ1 ⊕ϕ2 ⊕· · ·⊕ϕr ,
where ϕi = ϕ|miLi , the restriction of ϕ to miLi . Because the Li ’s are non-isomorphic simple Lie
ideals of L and the homomorphic image ϕi(miLi) is either zero or contains a simple ideal iso-
morphic to Li , we have ϕi(miLi) ⊆ miLi for i = 1,2, . . . , r . Thus the pair (L,ϕ) is a hom-Lie
algebra if and only if the skew symmetry and the σ -twisted Jacobi identity in Definition 1.1 are
satisfied. The skew symmetry is automatically satisfied since L is a Lie algebra. The σ -twisted
Jacobi identity is equivalent to
[
(id + ϕi)(x), [y, z]
] + [(id + ϕi)(y), [z, x]
] + [(id + ϕi)(z), [x, y]
] = 0
for all x, y, z ∈ miLi and 1  i  r . That is, (L,ϕ) is a hom-Lie algebra if and only if each
(miLi, ϕi) is a hom-Lie algebra for i = 1,2, . . . , r . So we have
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isomorphic summands Li and ϕ :L → L a homomorphism. Then (L,ϕ) is a hom-Lie algebra if
and only if each (miLi, ϕi) is a hom-Lie algebra for i = 1,2, . . . , r , where ϕi = ϕ|miLi . More-
over, as hom-Lie algebras we have the following direct-sum decomposition
(L,ϕ) = (m1L1, ϕ1) ⊕ (m2L2, ϕ2) ⊕ · · · ⊕ (mrLr,ϕr).
Corollary 3.1. Let L = L1 ⊕ L2 ⊕ · · · ⊕ Lr be a semi-simple Lie algebra with non-isomorphic
summands Li . Then L does not admit any non-trivial hom-Lie algebra structures.
Proof. This is a direct result of Propositions 2.2 and 3.1. 
From Proposition 3.1, the hom-Lie algebra structures on semi-simple Lie algebras L =
m1L1 ⊕ m2L2 ⊕ · · · ⊕ mrLr are completely determined by those on the semi-simple sum-
mands miLi = Li ⊕ Li ⊕ · · · ⊕ Li . In what follows we will write the semi-simple Lie algebra
mL = L ⊕ L ⊕ · · · ⊕ L with m copies of isomorphic simple ideals L as mL = (L,L, . . . ,L).
Elements in mL will be written as Xi1i2···is (x1, x2, . . . , xs) (1  s  m), which means the ik th
entry is xk ∈ L for k = 1,2, . . . , s, and other entries not written down are all zero. The semi-
simplicity of mL implies that any Lie algebra homomorphism ρ :mL 
→ mL can be decomposed
as ρ = ρ1 ⊕ ρ2 ⊕ · · · ⊕ ρm, where ρi is the restriction of ρ to the ith summand L. Let Pi be the
projection homomorphism from mL into its ith component L, then the composition ρi ◦ Pi is a
Lie algebra homomorphism on mL. In sequel we will regard ρi as ρi ◦ Pi .
Lemma 3.1. The simple ideals of mL are either the “component” simple ideals Li = {Xi(x) |
x ∈ L} (i = 1,2, . . . ,m) or the “diagonal” simple ideals Li1i2···il = {Xi1i2···il (x, . . . , x) | x ∈ L}
with 1 i1 < i2 < · · · < il m and l  2.
Proof. It is easy to verify that Li = {Xi(x) | x ∈ L} and Li1i2···il = {Xi1i2···il (x, . . . , x) | x ∈ L}
are all simple ideals of mL. Let S ⊆ mL be a simple ideal of mL.
Case 1. S is composed of elements of the form Xi(x). If Xi(x),Xj (y) ∈ S and i = j , then
since S is a simple ideal of mL, we have that
S ⊇ [Xi(x),mL
] = {Xi(x)
∣∣ x ∈ L} = Li and
S ⊇ [Xj(y),mL
] = {Xj(y)
∣∣ y ∈ L} = Lj ,
which contradicts with our assumption that S is simple. Thus i = j , and S is a component simple
ideal Li for some i.
Case 2. If Xi1i2···il (x1, x2, . . . , xl) ∈ S with l  2, we must have that x1 = x2 = · · · = xl (up
to scalars). Otherwise, if there are two entries in Xi1i2···il (x1, x2, . . . , xl) ∈ S that are not propor-
tional, say x1 = kx2 for any k ∈ K, then we have
S ⊇ [Xi1i2···il (x1, x2, . . . , xl),mL
] ⊇ [Xi1i2···il (x1, x2, . . . , xl),L1 ⊕ L2
] ⊇ L1 ⊕L2.
Again a contradiction with the simpleness of S. Therefore S is a diagonal simple ideal
Li1i2···il = {Xi1i2···il (x, . . . , x) | x ∈ L} for some l  2 and 1 i1 < i2 · · · < il m. 
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nent simple ideal Li = {Xi(x) | x ∈ L} (i = 1,2, . . . ,m) or a diagonal simple ideal Li1i2···il =
{Xi1i2···il (x, . . . , x) | x ∈ L} with l  2. In fact, the non-trivial ρi can be realized as the following
two types of homomorphisms.
For an automorphism α of L, we define Ψα(i, j) :Li 
→ mL by
Ψα(i, j)
(
Xi(x)
) = Xj
(
α(x)
)
.
Lemma 3.2. If i = j , then Ψα(i, j) is a homomorphism of mL and (mL,Ψα(i, j)) is a hom-Lie
algebra.
Proof. As explained before, Ψα(i, j) is actually Ψα(i, j) ◦Pi and thus Ψα(i, j) is a vector space
homomorphism on mL. It easy to check that
Ψα(i, j)
[
Xi(x),Xi(y)
] = Ψα(i, j)
(
Xi
([x, y]))
= Xj
(
α
([x, y])) = Xj
([
α(x),α(y)
]) = [Xj
(
α(x)
)
,Xj
(
α(y)
)]
= [Ψα(i, j)
(
Xi(x)
)
,Ψα(i, j)
(
Xi(y)
)]
. (7)
Thus Ψα(i, j) is indeed a Lie algebra homomorphism of mL. In order to prove that
(mL,Ψα(i, j)) is a hom-Lie algebra, we must verify that the Ψα(i, j)-twisted Jacobi identity
in Definition 1.1 is satisfied. The Ψα(i, j)-twisted Jacobi identity can be re-written as:
[
Xi(x),
[
Xi(y),Xi(z)
]] + [Xi(y),
[
Xi(z),Xi(x)
]] + [Xi(z),
[
Xi(x),Xi(y)
]]
+ [Ψα(i, j)
(
Xi(x)
)
,
[
Xi(y),Xi(z)
]] + [Ψα(i, j)
(
Xi(y)
)
,
[
Xi(z),Xi(x)
]]
+ [Ψα(i, j)
(
Xi(z)
)
,
[
Xi(x),Xi(y)
]] = 0. (8)
The sum of the first three terms is automatically zero because of the Jacobi identity of the
Lie algebra Li while each of the last three terms is obviously zero. For example, we have
[Ψα(i, j)(Xi(x)), [Xi(y),Xi(z)]] = 0 because
[
Ψα(i, j)
(
Xi(x)
)
,
[
Xi(y),Xi(z)
]] = [Xj
(
α(x)
)
,
[
Xi(y),Xi(z)
]]
∈ [Lj , [Li,Li]
] ⊆ [Lj ,Li] = {0}. (9)
Therefore (mL,Ψα(i, j)) is a hom-Lie algebra. 
Remark 3. If i = j , then Ψα(i, j) is an automorphism of the simple Lie algebra Li , which is
completely determined by the automorphism α :L 
→ L. Equality (8) is just the α-twisted Jacobi
identity on the simple Lie algebra Li ∼= L. By Proposition 2.2, α is the identity automorphism of
L and hence the hom-Lie algebra (mL,Ψα(i, j)) is trivial. We consider only the homomorphisms
Ψα(i, j) for i = j here because we are interested in the non-trivial hom-Lie algebra structures
on mL.
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Ψβ(i, i1i2 · · · il) :Li 
→ mL by
Ψβ
(
Xi(x)
) = Xi1i2···il
(
β(x),β(x), . . . , β(x)
)
.
Lemma 3.3. If i /∈ {i1, i2, . . . , il}, then Ψβ(i, i1i2 · · · il) is a homomorphism of mL and
(mL,Ψβ(i, i1i2 · · · il)) is a hom-Lie algebra.
The proof is similar to that of Lemma 3.2.
Remark 4. We consider here only the homomorphisms Ψβ(i, i1i2 · · · il) for i /∈ {i1, i2, . . . , il}.
As explained in Remark 3, when i ∈ {i1, i2, . . . , il}, the hom-Lie algebra (mL,Ψβ(i, i1i2 · · · il))
will be trivial.
Definition 3.1. Two automorphisms σ and τ of a simple Lie algebra L are said to be quasi-
conjugate if there exist automorphisms φ and ϕ of L such that φ ◦σ = τ ◦ϕ, that is, the following
diagram
L
σ
ϕ
L
φ
L
τ
L
commutes.
Remark 5. In Definition 3.1, if ϕ = φ, then σ and τ are not only quasi-conjugate but also
conjugate. Thus quasi-conjugation is a generalization of conjugation.
In following propositions we give a necessary and sufficient condition for the hom-Lie alge-
bras Ψα(i, j) and Ψβ(i, i1i1 · · · il) to be isomorphic.
Proposition 3.2. Two hom-Lie algebras (mL,Ψα(i, j)) and (mL,Ψβ(k, l)) are isomorphic if
and only if α and β are quasi-conjugate automorphisms of L.
Proof. First let α and β are quasi-conjugate automorphisms of L, i.e., there exist automor-
phisms φ and ϕ of L such that ϕ ◦ α = β ◦ φ. We define Φ(φ,ϕ)(i ↔ k, j ↔ l) to be the
automorphism of mL that exchanges the i, k (respectively j, l)th entries by φ (respectively ϕ)
and fixes other components, that is,
Φ(φ,ϕ)(i ↔ k, j ↔ l)X···i···k···j ···l···(· · ·x · · ·y · · ·u · · ·v · · ·)
= X···i···k···j ···l···
(· · ·φ(y) · · ·φ(x) · · ·ϕ(v) · · ·ϕ(u) · · ·). (10)
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Ψα(i, j), Ψβ(i, j) and Φ(φ,ϕ)(i ↔ k, j ↔ l), it is easy to see that the following diagram
mL
Ψα(i,j)
Φ(φ,ϕ)(i↔k,j↔l)
mL
Φ(φ,ϕ)(i↔k,j↔l)
mL
Ψβ(k,l)
mL
commutes. Therefore by Definition 1.2, the hom-Lie algebras (mL,Ψα(i, j)) and (mL,Ψβ(k, l))
are isomorphic.
If the hom-Lie algebras (mL,Ψα(i, j)) and (mL,Ψβ(k, l)) are isomorphic, then there exists
an automorphism Θ of mL such that the diagram
mL
Ψα(i,j)
Θ
mL
Θ
mL
Ψβ(k,l)
mL
commutes. Restricting Θ to the ideal Li of mL, we have
Θ
(
Xj
(
α(L)
)) = Θ ◦Ψα(i, j)(Li) = Ψβ(k, l) ◦Θ(Li). (11)
Since α is an automorphism of L and Θ is an automorphism of mL, the fact that Li is a simple
ideal implies that Θ(Xj (α(L))) = Θ ◦Ψα(i, j)(Li) is also a simple ideal isomorphic to L. Hence
Ψβ(k, l) ◦ Θ(Li) is a simple ideal isomorphic to L. Equality (11) means that there are some
automorphisms φ and ϕ of L such that ϕ ◦ α = β ◦ φ, and hence α and β are quasi-conjugate
automorphism of L. 
Proposition 3.3. A hom-Lie algebra of type (mL,Ψα(i, k)) and a hom-Lie algebra of type
(mL,Ψβ(j, j1j2 · · · jl)) are isomorphic if and only if α and β are quasi-conjugate automor-
phisms of L.
Proof. Let α and β be quasi-conjugate automorphisms of L, i.e., there exist some automor-
phisms ϕ and φ of L such that ϕ ◦ α = β ◦ φ. Define Φ :mL 
→ mL as follows: Φ(Xi(x)) =
Xj(φ(x)),Φ(Xk(y)) = Xj1j2···jl (ϕ(y)) and Φ(Xp(z)) = Xp(y) for p = i, l. It is easy to verify
that Φ is an automorphism of mL that makes the diagram
mL
Ψα(i,k)
Φ
mL
Φ
mL
Ψβ(j,j1j2···jl )
mL
commute. So the hom-Lie algebras (mL,Ψα(i, k)) and (mL,Ψβ(j, j1j2 · · · jl)) are isomorphic.
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automorphism Θ of mL such that the diagram
mL
Ψα(i,k)
Θ
mL
Θ
mL
Ψβ(j,j1j2···jl)
mL
commutes.
In the diagram above, we have Ψα(i, k)(Xi(x)) = Xk(α(x)) for any x ∈ L, and hence
Ψα(i, k)(Li) ∼= Lj is a simple ideal of mL. The image Θ ◦ Ψα(i, k)(Li) of Ψα(i, k)(Li) ∼= Lj
under the automorphism Θ is also a simple ideal of mL, which is isomorphic to Lj1j1···jl . The
commutativity of the diagram gives us that Ψβ(j, j1j2 · · · jl) ◦ Θ(Li) is also a simple idea iso-
morphic to Lj1j1···jl . Therefore the equality
Θ ◦Ψα(i, k)
(
Xi(x)
) = Ψβ(j, j1j2 · · · jl) ◦Θ
(
Xi(x)
)
means that for ∀x ∈ L,
Xj1j2···jl
(
ϕ ◦ α(x),ϕ ◦ α(x), . . . , ϕ ◦ α(x)) = Xj1j2···jl
(
β ◦ φ(x),β ◦ φ(x), . . . , β ◦ φ(x))
holds for some automorphisms ϕ and φ of L. Therefore α and β are quasi-conjugate automor-
phisms of L. 
Proposition 3.4. The hom-Lie algebra (mL,Ψα(i, i1i2 · · · ik)) is isomorphic to
(mL,Ψβ(j, j1j2 · · · jl)) if and only if the automorphism α and β of L are quasi-conjugate.
Proof. By Proposition 3.3, the hom-Lie algebra (mL,Ψα(i, i1i2 · · · ik)) is isomorphic to
(mL,Ψα(i,p)) and the hom-Lie algebra (mL,Ψβ(j, j1j2 · · · jl)) is isomorphic to
(mL,Ψβ(j, q)). According to Proposition 3.2, (mL,Ψα(i,p)) is isomorphic to (mL,Ψβ(j, q))
if and only if α and β are quasi-conjugate, So we arrive at our conclusion. 
Combining Propositions 3.2–3.4 we get the following theorem, which gives the isomorphic
classes of non-trivial hom-Lie algebras on the semi-simple Lie algebra mL = L ⊕L ⊕ · · · ⊕L.
Theorem 3.1. Let Π be the set of the quasi-conjugate classes of automorphisms of the simple Lie
algebra L, then the isomorphic classes of hom-Lie algebras on mL (m 2) are {(mL,Ψα(1,2)) |
α ∈ Π}.
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